ABSTRACT. The monitoring of low-orbit space objects (LEO-objects) is performed in the Astronomical Observatory of Odessa I.I. Mechnikov National University (Ukraine) for many years. Decades-long arсhives of these observations are accessible within Ukrainian network of optical observers (UMOS). In this work, we give an example of orbit determination for the satellite with the 1500-km height of orbit based on angular observations in our observatory (Int. No. 086). For estimation of the measurement accuracy and accuracy of determination and propagation of satellite position, we analyze the observations of Ajisai satellite with the well-determined orbit. This allows making justified conclusions not only about random errors of separate measurements, but also to analyze the presence of systematic errors, including external ones to the measurement process. We have shown that the accuracy of one measurement has the standard deviation about 1 arcsec across the track and 1.4 arcsec along the track and systematical shifts in measurements of one track do not exceed 0.45 arcsec. Ajisai position in the interval of the orbit fitting is predicted with accuracy better than 30 m along the orbit and better than 10 m across the orbit for any its point.
Introduction
The increase of occupation of the near-Earth orbits with the space debris constitutes a significant danger for active near-Earth satellites. The monitoring of near-Earth cosmic objects allows predicting the dangerous rendezvous of these objects. The optical observations of the objects on low-Earth orbits (LEO) are regularly performed in the Astronomical Observatory of Odessa I.I. Mechnikov National University (Ukraine) (Shulga et al., 2015) .
For the observations, we use the telescope with the aperture of 50 cm and focal length 2 m on the azimuthal mounting. There is the television camera WACOM902H that works with the frequency of 50 interlace half-frame per second in the focal plane. Field of view of the telescope is about 10 arcmin. The LEO-objects are observed in tracking mode and this allows to obtain both the coordinate and the unique photometric information with high time resolution simultaneously . Shakun & Koshkin (2014) give the detailed description of the methods of objects position measurements on the frame and time tagging of the frames. In that paper is shown that the accuracy of one measurement is about 0.8 arcsec and accuracy of time measurement from frame to frame is better than 0.0001 seconds.
However, in addition to the measurement accuracy caused by the method of frame measurements and features of the time tagging, observations may contain other errors that can be detected only by means of independent comparison of measurements and positions of the well-known object.
In this paper, we compare the accuracy of our measurements of Ajisai (EGS) position that has the welldetermined orbit with theoretical estimates of its visible position. We also estimate the orbit calculated by using our measurements with applying of the numerical model of satellite motion and compare the obtained orbit with the daily predictions that provided by International Laser Ranging Service (ILRS).
The estimate of measurement accuracy
To compare with our measurements, we need the estimates of satellite position that are significantly more precise than ones we get. The source of such estimates may be the prediction of Ajisai position provided by ILRS. For Ajisai such predictions are provided by Japan Aerospace Exploration Agency (JAXA) and NERC Space Geodesy Facility (see: CPF predictions). Every provider gives its prediction once a day for five days ahead. We joined successive predictions in one sequence and used only data of prediction for the first day (as the most reliable ones) for the calculation of the satellite position. So we gained these positions in the continuous range for the first eleven months of 2017. The comparison of the position in JAXA's range of prediction (jax) and ones of NERC Space Geodesy Facility (sgf) (Table 1) show that with rare exceptions difference between these predictions is less than 1 m. In visible coordinates, it means that deviation between the predictions is less than 1 arcsec. We expect such predictions are suitable for our further analysis. We chose the JAX prediction, because it had smaller shifts of positions between daily forecasts and these shifts are also much less than 1 m. In Figure 1 the residuals between measurements and calculated visible coordinates according to the prediction of JAX are shown for the typical satellite track. The residuals are considered in terms of along the visible trajectory and across it. The coordinate system necessary for decomposition of the vector of residuals can be obtained on the basis of theoretical topocentric values of position vector (r) and velocity vector (v) of a satellite as where unit vector i is directed along the vector observersatellite, unit vector j is codirectional to the tangent line to the visible trajectory and unit vector k is perpendicular to visible trajectory in given point. The visible angular velocity of a satellite is determined by projecting of velocity vector on the vector j.
This coordinate system for representation of the residuals usually is better connected with the causes of errors appearance and it allows to understand them easier than the traditional representation of residuals in the equatorial or the horizontal system of coordinates.
Since when we observe LEO-objects their visible angular velocity is high, the images of reference stars or the objects become drawn-out along the motion direction and this requires the correct alignment of the position of the center or the edges of the stroke with the moment of time. In addition, due to the high angular velocity of the object, even small errors in registration of moments of time when the image was taken, lead to significant shifts in the estimate of coordinates along the trajectory. Both causes lead to the perceptible difference in behavior of errors along and across the trajectory. Among other things, detecting of the systematic errors in time registration is the most difficult if we consider the observations solely.
For the estimation of measurement accuracy and estimation of the orbit, we take 13 tracks of Ajisai from 23.03.2017 to 12.04.2017. In Table 2 the statistical parameters of residuals between observations and theoretical values based on the JAX predictions are given separately for every track.
One can see, that the estimate of the standard deviation across the track is stable in the range from 0.9 to 1.1 arcsec, but the error along the track is 1.4 times higher. The mean of all residuals of the whole track usually is significantly biased from zero. The theoretical difference of the mean bias of residuals between two predictions (sgf-jax) is given in Table 1 for comparison. There the residuals are calculated for the same moment of time when the observations were made. Thus, it is obvious, that obtained biases of the tracks cannot be explained by differences in predictions assuming a prediction error is of the order of 1 m. For the explanation of these mean biases, the residuals between satellite positions and theoretical predictions must be about 10 m and more.
In the end, we give the estimates of biases in terms of time moments shifts along the trajectory dT that accentuates the extreme importance of thorough measuring of the timing of images obtaining. Taking into account, that Ajisai is the satellite with relatively slow visible velocity, we expect that for very low orbit satellites these requirements will be even more essential.
The estimation of orbit
Now, for considering the observations presented in Table 2, we estimate the satellite's orbit using the numerical model of motion.
For integration of equations of motion and astrometric transformations, we used low-level astrodynamics library Orekit 9.0. But for the model of observations and in the algorithm of optimization of the satellite motion model we used our own code in the programming language Kotlin. The process of orbit determination includes the following stages:
1. A primary estimate of Kepler orbits parameters from three observations for one track. 2. Optimization of the Keplerian orbit for all observations of the single track. 3. Optimization of position and velocity for a given epoch for the numerical model of satellite motion for one track. 4. Optimization of the position and velocity of the satellite for a given epoch for the numerical model of satellite motion for one or several tracks on close days 5. Optimization of the position, the velocity of the satellite for a given epoch, and parameters of the ratio of cross-section to mass, in terms of correction for the influence of sunlight pressure and correction for the influence of the atmosphere. Thus, to determine the orbit, we did not use any a priori information about the satellite's orbital motion.
In the numerical integration of the equations of satellite motion, the following perturbing forces were taken into account:
1. The Earth gravity field was calculated by using the model Eigen6s (Furste et al., 2011) truncated to the 51st degree and the 51st order. The contribution of the harmonics was derived in accordance with the algorithm Holmes & Featherstone (2002) . 2. Ocean tides in accordance with the model FES2004 (Lyard et al., 2006) . 3. Gravitational perturbation from the Moon and the Sun according to the model DE-430. 4. Tides in the solid body of the Earth from the Moon and the Sun. 5. The force of solar radiation pressure with considering umbra and penumbra regions in the term of an effective cross-section of the satellite.
6. Atmospheric drag force in accordance with DTM2000 (Bruinsma et al., 2003) in the term of the effective cross-section. The level of the solar radiation flux was taken as an average one. 7. The general relativity term. For integrating the equation, we used the method Dormand-Prince 5(3) (Hairer et al., 2011) , with the variable step and accuracy control 0.001 m on a step and the maximal value of step 120 sec.
The effective cross-sections of the satellite fitted independently in cases of solar radiation pressure and the atmospheric drag force.
The results of these fitting are presented in Figure 2 in the form of differences between the satellite position (dV, dR, dN) according to the orbit optimized by us and the positions predicted by JAX.
As one can see, in the interval of fitting, the differences along the satellite trajectory are not more than 30 m, and in the perpendicular direction are not more than 10 m.
In the month interval of the propagation, the differences along the trajectory are not more than 100 m. And only a month later the differences have a linear trend along the orbit. Three months after the fitting interval, the time lag of the satellite along the orbit is about 0.4 sec.
Discussion and conclusion
Thus we have shown that  The accuracy of the one measurement of object positions across the visible trajectory is from 0.9 to 1.1 arcsec, and along the visible path from 1.2 to 1.4 arcsec.  The mean values of the residuals of the coordinates both along and across the visible trajectory are of several tenths of an arcsecond and require the further analysis and elimination. The difference between the positions of the satellite according to the optimized orbit and positions according to the prediction of JAX. dV are the differences along the direction of the velocity vector; dN are the differences in the perpendicular direction to the instantaneous plane of the orbit; dR are the differences in the perpendicular direction to the velocity vector in the instantaneous plane of the orbit.
 Observations of such quality make possible to predict positions within the interval of fitting with accuracy to dozens of meters along the orbit and better than 10 meters in the perpendicular directions to the orbit.  The monthly prediction of the satellite positions is suitable for planning automated observations.
The causes of the significant bias of the mean residuals from zero can be both systematic biases along the orbit and the correlation of close observations. Taking to account the similarity of the value of bias along and across the orbit in our case, most likely we deal with the second cause. Sure, very short exposures and a small field of view of the telescope results in a small number of reference stars, that in many frames does not allow to restore the coordinate system completely. The use of the mean coordinate system moving from frame to frame without the doubt should result in a correlation of close measurements. The result of this is the significant bias of the mean values of the residuals from zero.
The conclusions of Section 2 on the accuracy of the measurements are in good agreement with the residuals between the fitting orbit and the JAX prediction obtained in Section 3. Relatively larger deviations in the difference of positions along the orbits are probably related to the fact that all observations were obtained at one observation point in approximately the same time of day, and this fact allows to see only a small part of the orbit.
After 2-3 months, the difference between the predicted and the real position of the satellite along the orbit grows up to several arcminutes, which is quite high and can go beyond the field of view of the telescope. However, almost whole deviation lies along the visible motion of the satellite. Correction of the initial moment of observations allows us to remove the major part of the accumulated deviation along the orbit. Thus, the prediction based on our observations can be successfully used to detect and to track the satellite for several months later than the orbit was fitted.
